In nanoscaled solids, the mathematical behavior of a curved interface between two different phases with interface stress effects can be described by the generalized Young-Laplace equations ͓T. Young, Philos. Trans. R. Soc. London 95, 65 ͑1805͒; P. S. Laplace, Traite de Mechanique Celeste ͑Gauthier-Villars, Paris, 1805͒, Vol. 4, Supplements au Livre X͔. Here we present a geometric illustration to prove the equations. By considering a small element of the curved thin interface, we model the interface stresses as in-plane stresses acting along its edges, while on the top and bottom faces of the interface the tractions are contributed from its three-dimensional bulk neighborhood. With this schematic illustration, simple force balance considerations will give the Young-Laplace equations across the interface. Similar procedures can be applied to conduction phenomena. This will allow us to reconstruct one type of imperfect interfaces, referred to as highly conducting interfaces.
I. INTRODUCTION
The notion of surface tension in fluids dates back to more than two centuries by the celebrated Young-Laplace ͑YL͒ equation.
1,2 This equation states that the difference between the hydrostatic pressure of a spherical surface is proportional to the surface tension and the mean curvature. The concept of surface stress in solids, introduced by Gibbs, 3 is defined through the change in excess free energy when the interface is deformed at a constant referential area. This stress is caused by the differences in configuration and in coordination numbers between atoms at the surface and in the bulk. In contrast to fluids, surface stress in solids is generally nonhydrostatic and inhomogeneous. This phenomenon is particularly important at the nanometer-sized scale in heterogeneous solids with large specific surface. For example, recent atomistic analysis indicates that a solid surface can be either elastically softer or stiffer than their bulk counterparts. 4 The effect of surface stress in solids has received substantial attention in recent years in the interdisciplinary community, ranging from materials science, to physical chemistry, and to continuum mechanics. [5] [6] [7] [8] [9] On the aspect of mechanics, relevant applications have been directed towards thin film stress evolutions during deposition 10, 11 and the overall behavior of nanocomposites.
12-15 confluence of surface and interface research in recent years and point the way to future developments and applications.
The theoretical framework for an interface between two different solids incorporating the interface stresses was established by Gurtin and Murdoch 16 under the classical theory of membranes ͑see also Refs. 17-19 for subsequent developments͒. The interface conditions will be referred to as the "generalized" YL equation in distinction from its counterpart in fluids. However, all these developments [16] [17] [18] [19] are fraught with complicated mathematical derivation and the existing formulation does not seem to reflect the physical insight of the interface condition in an explicit manner. An alternative way to construct the interface conditions is to adopt an energy approach. The field equations can be obtained from the Euler-Lagrange equation and the interface conditions can be derived from natural transition conditions at the interface. For example, Sharma et al. 12 have derived the field equations for the elastic state of spherical inhomogeneities with surface effects. Chen et al. 20 constructed the interface conditions of unidirectional fibrous nanocomposites for various deformation modes. But the variational method depends on the loading conditions as well as on the geometry of the interface, and thus it is not capable of offering a general framework for a curved interface. To obtain a better understanding of the physical meaning of the YL equation, here we present a different perspective. The idea is based on the notion that the interface stresses can be modeled as in-plane stresses along the tangent planes of the curved surface, and the stress vectors on the top and bottom of the curved surfaces are taken from its three-dimensional bulk neighborhood. This direct interpretation will provide insight for further practical applications.
II. INTERFACE CONDITIONS WITH SURFACE STRESSES
Surface and interface stresses can be defined in different ways. 10 Two independent interface stresses have been reported in the literature: one is associated with a coherent interface, in which the tangential or interior strain components are equal on both sides of the interface, while the other allows for different tangential strains at the two sides. 21 Here we are concerned with the former, coherent mode of deformation in which no atomic bonds are broken in the interface surface. Interface stresses are described as symmetric 2 ϫ 2 tensors in the tangent plane ͑strain normal to the surface are excluded͒. It is generally thought that the surface stress tensor, ␣␤ s , is related to the deformation dependent surface energy G͑ ␣␤ ͒ by the equation 5, 22 
where ␣␤ s is the 2 ϫ 2 strain tensor for surfaces, ␦ ␣␤ is the Kronecker delta for surfaces, and the constant 0 is the constant residual surface tension. Note that the Greek indices take on values of interfacial components.
We consider an arbitrarily curved thin interface between two three-dimensional anisotropic elastic solids. For convenience, we shall denote one side of the interface as the inclusion, designated by the index i, and the other side as the matrix, denoted by the index m. The indices are simply used to designate the physical quantities of the two sides, and do not necessarily represent the actual geometric configurations of either side. The curved interface acts as a vanishingly thin membrane which could sustain in-plane stresses, but offers no resistance to bending. We shall model the interface stresses ␣␤ s as the in-plane surface stress in the tangent plane of the curved surface. For convenience, we introduce an orthogonal curvilinear coordinate ͑ 1 , 2 , 3 ͒ to characterize the curved surface, where 1 and 2 are two parametric curves which describe the coordinate lines on the surface, and 3 denotes the normal distance measured linearly from the surface. This coordinate is sometimes referred to as the general Dupin system. 23 The metric coefficients of this orthogonal coordinate system are denoted by h 1 , h 2 , and h 3 with h 3 = 1. Let ͑u 1 , u 2 ͒ be the unit vector tangent to the parametric curves 1 and 2 on the curved surface, and u 3 be the unit normal to the surface along the linear 3 coordinate.
A. Elasticity
We first consider the elastic behavior of the interface. Since we have assumed that the interface between the inclusion and the matrix is coherent, 24 the interface strain is equal to the tangential strain in the abutting bulk materials. The displacement fields will then be continuous across the interface. This is the kinematic condition along the interface. For the statics consideration, let us take out a small element of the curved interface and characterize the forces acting on the edges and surfaces as shown in Fig. 1 The net forces acting on OABC is equal to
Note that the areas of the top and bottom surfaces of OABC are nearly equal, as the thickness of the curved surface is taken to be infinitesimal. The force acting on the segment of AB is equal to
The last term in the second line of ͑6͒ is an infinitesimal quantity of the third order and is negligible compared with the remaining terms. Therefore, the net force on segments AB and OC is equal to where R 1 and R 2 are the principal radii of curvature defined positively when the unit normal u 3 is pointed toward the center of curvature
Note that the right-hand side of ͑12͒ is exactly the surface divergence of surface stress tensor s and the left-hand side ͑12͒ is simply the difference of traction across the two regions, the matrix and the inclusion. Thus ͑12͒ can be rewritten as
These three jump conditions for traction, ͑12͒, characterize the interfacial behavior between two different solids with interface stresses. The conditions ͑14͒ are exactly the generalized YL equation for solids given in Povstenko 18 and Duan et al. 13 A two-dimensional version of ͑14͒, with isotropic constituents and isotropic interface, was derived by Benveniste and Miloh 27 based on an asymptotic analysis. In the latter work, the interface was referred to as "a stiff interface" of membrane type. We mention that if, instead of taking out an element on the curved interface, we were to consider an elementary curvilinear parallelepiped in the matrix or in the inclusion domain and write the equilibrium of the forces acting on it, we would get back to the stress equilibrium equations in the phases along the three curvilinear directions.
B. Conduction phenomena
Similar derivation steps can also be applied to conduction phenomena across the interface. To start with, again we consider a curved interface between two different anisotropic solids. The curved interface has a vanishingly thin thickness subjected to in-plane ͑surface͒ heat fluxes along its edges ͑Fig. 2͒. We adopt an orthogonal curvilinear coordinate ͑ 1 , 2 , 3 ͒ centered at a given point O. On the top and bottom faces of OABC, the normal components of heat flux are, respectively, represented by D 3 ͑m͒ and D 3 ͑i͒ . These two physical quantities come from the relevant quantities on the matrix side and the inclusion side via the continuity condition of the normal component of heat flux. Thus the rate of change of the heat energy per unit time passing through the surface OABC is
The heat energy per unit time across the edge of AB is equal to
The last term in the second line of ͑16͒ is an infinitesimal quantity of the third order and could be omitted. Thus the net heat energy per unit time across the segments of AB and OC are
Similarly the net heat energy across the segments of OA and BC is
Under steady state condition, the net heat energy per unit time is zero. Thus summing up ͑15͒, ͑17͒, and ͑18͒ together, we obtain the heat equilibrium condition for an interface incorporating the effect of surface heat flux as
This equation can be viewed as the counterpart of ͑12͒ in the context of heat conduction. We mention that the mathematical framework of the interface with surface effects is equivalent to one type of imperfect interfaces, referred to as highly conducting interface.
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III. SPECIFIC GEOMETRIES
For convenience, here we list the explicit forms of ͑12͒ and ͑19͒ for two common coordinate systems with constant curvatures: circular cylindrical coordinates ͑r , , z͒ and spherical coordinates ͑r , , ͒. We consider that the interface is characterized by r = constant. In this case, Eq. ͑12͒ can be expanded as
for a circular cylindrical interface and as
for a spherical interface. For ͑19͒, the circular and spherical interfaces correspond, respectively, to
IV. CONCLUDING REMARKS
To summarize, interface stresses for coherent interfaces can be modeled as in-plane stresses ͑interface stresses͒ acting along the four edges of the thin curved interface between the two different solid phases. By taking out a small element of the curved interface, direct force balance considerations will provide the jump conditions in tractions across the interface, together with displacement continuity conditions under the prerequisite of coherent interface. We mention that the results also apply to a free membrane subjected to the same tractions and heat fluxes. It is seen that the jump conditions do not depend on the material symmetry of the two neighboring phases nor do they depend on the constitutive relation of the interface. The derivation procedure simply exploits the fundamental principles of mechanics to simulate the interface stresses across the interface. Thus it provides a direct interpretation for understanding the interfacial phenomena and could lend insight for further practical applications. In the future it is expected that the interface behavior incorporating the effect of elastic resistance to flexure can be considered at the constitutive level through a similar process. 
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